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REGIONS OF THE TYPE C CATALAN ARRANGEMENT
ANNE MICHELI AND VU NGUYEN DINH
Abstract. In this paper, we determine the number of regions of the type C Catalan arrangement which
is 2nn!
n−1∑
s=1
s2s
(
2n−s−1
n
)
n−s +4
nn!. Moreover, we exhibit a bijection between rooted labeled ordered forests
with a selected subset of their leaves and these regions.
The type C Catalan arrangement C{−1,0,1}(n) in Rn is the set of the hyperplanes {xi − xj = s, xi + xj =
s, 2xi = s,∀s ∈ {−1, 0, 1},∀1 ≤ i < j ≤ n}. The regions of C{−1,0,1}(n) are the connected components
of Rn \ ∪H∈C{−1,0,1}(n)H. In this paper, we determine that the number of regions of C{−1,0,1}(n) is
2nn!
n−1∑
s=1
s2s(2n−s−1n )
n−s + 4
nn!. Moreover, we exhibit a bijection between rooted labeled ordered forests with
a subset of their leaves and the regions of C{−1,0,1}(n).
Type A arrangements have been and are still vastly studied in combinatorics, in particular the problem
of bijectively enumerating the regions of type A arrangements. The reader can find a introduction to
hyperplane arrangement and its connexions to combinatorics by R.P. Stanley [9]. The equation of an
hyperplane of a type A arrangement is of the form xi−xj = s with s in Z and i, j in J1, nK = {1, 2, . . . , n}.
The case of the braid (s = 0) arrangement is easy to understand, the Shi (s = 0, 1) and Catalan
(s = −1, 0, 1) cases have nice and simple formulas which have been bijectively interpreted [3, 5, 6, 8, 9].
The number of regions of the Linial (s = 1) arrangement was known but it is only recently that O. Bernardi
gave a bijective interpretation [4]. His bijection extends to the regions of many type A arrangements [4],
including Catalan, Shi and semi-order type A arrangements. Our bijections between orders, families of
forests and regions of the type C Catalan arrangement were inspired by the Bernardi bijection.
The results on type C arrangement are less extensive. In 1996, C.A. Athanasiadis computed the number
of regions of the type C Shi arrangement [1] . The formula obtained is very simple (2n+1)n and a bijective
proof was given by K. Me´szaro´s [7] in 2013, which was a generalization of the bijection exhibited by C.A.
Athanasiadis and S. Linusson in the type A case [3]. C.A. Athanasiadis also computed among others the
number of regions of the Linial arrangement of type C [2]. No bijective proof of this enumeration has yet
emerged.
The paper is divided in three sections. In section 1, we explain how to go bijectively from regions of the
type C Catalan arrangement to some orders. Then in section 2, we exhibit a bijection between these
orders and rooted labeled ordered forests. Finally, we compute in section 3, the number of regions of the
type C Catalan arrangement.
1. From regions to orders
In this section we show that each region R of the type C Catalan arrangement corresponds bijectively to
a specific order between the variables xi and 1 + xi for any i in J−n, nK \ {0} where (x1, . . . , xn) denotes
the coordinates of any point of R and x−i = −xi for all i in J1, nK.
In the sequel, for any i in J−n, nK \ {0}, we denote by :
• α(0)i the variable xi, • α(1)i the variable 1 + xi.
These notations are derived from the paper of O. Bernardi [4]. We also denote by A2n the alphabet
{α(0)i , α(1)i ,∀i ∈ J−n, nK \ {0}}.
We first define a symmetric annotated 1-sketch and explain its symmetries. Then, in a second time, we
will show that the regions of the type C Catalan arrangement are in one-to-one correspondance with
symmetric annotated 1-sketches.
1.1. Symmetric annotated 1-sketch.
Definition 1.1. A symmetric annotated 1-sketch of size 2n is a word ω = w1...w4n that satisfies for all
i, j ∈ J−n, nK \ {0}:
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(i) {w1, ..., w2n, ..., w4n} = A2n,
(ii) α
(0)
i appears before α
(1)
i ,
(iii) If α
(0)
i appears before α
(0)
j then α
(1)
i appears before α
(1)
j ,
(iv) If α
(0)
i appears before α
(s)
j then α
(0)
−j appears before α
(s)
−i , ∀s ∈ {0, 1}.
Let D(1)(2n) be the set of symmetric annotated 1-sketches of size 2n.
Example 1.1. ω = α
(0)
−2α
(0)
1 α
(1)
−2α
(0)
3 α
(0)
−3α
(1)
1 α
(0)
−1α
(1)
3 α
(1)
−3α
(0)
2 α
(1)
−1α
(1)
2 ∈ D(1)(6).
Remark 1.1. (1) Condition (ii) of Definition 1.1 implies that a symmetric annotated 1-sketch starts
with a sequence of α
(0)
i letters and ends with a sequence of α
(1)
i letters.
(2) Condition (iv) of Definition 1.1 implies that the subword of ω composed of the α(0). letters has the
form α
(0)
i1
. . . α
(0)
in
α
(0)
−in . . . α
(0)
−i1 with {|i1|, . . . , |in|} = J1, nK. Moreover, the subword of ω composed
of the α(1). letters is exactly α
(1)
i1
. . . α
(1)
in
α
(1)
−in . . . α
(1)
−i1 .
Furthermore, a symmetric annotated 1-sketch is the result of a specific shuffle between two words on the
alphabet A2n where one is the symmetric of the other in the following sense :
Definition 1.2. Let ω1 be a word on A2n that ends with letter u, i.e ω1 = ω0u. We define the symmetric
of ω1 as a word ω1 = u ω0 where u = α
(1−s)
−k if u = α
(s)
k , s ∈ {0, 1} and ω0 is recursively defined in the
same way.
Example 1.2. The symmetric of ω1 = α
(0)
−2α
(0)
1 α
(1)
−2α
(0)
3 α
(1)
1 α
(1)
3 is ω1 = α
(0)
−3α
(0)
−1α
(1)
−3α
(0)
2 α
(1)
−1α
(1)
2 .
Now, a symmetric annotated 1-sketch ω is the combination of two symmetric words ω1 and ω2 = ω1. As
a matter of fact, we will now explain how we obtain ω1 and ω2 from ω. We call words of the form ω1,
annotated 1-sketches which formal definition is:
Definition 1.3. An annotated 1-sketch of size n is defined by 2n letters α
(0)
jk
and α
(1)
jk
, k in J1, nK such
that {|j1|, . . . , |jn|} = J1, nK and which satisfies conditions (ii) and (iii) of Definition 1.1.
We denote by An,s, n ≤ s ≤ 2n− 1, the set of annotated 1-sketches where the rightmost letter α(0). is at
position s.
Thus we get that :
Proposition 1.1. Any symmetric annotated 1-sketch ω is the composition of an annotated 1-sketch ω1
and its symmetric ω1.
Proof. We define ω1 as the subword of ω composed of the n leftmost α
(0)
. letters and the corresponding
α(1). letters (if α
(0)
i appears in ω1 then α
(1)
i appears in ω1). Remark 1.1(2) implies that α
(0)
i and α
(0)
−i
cannot both belong to the set of the n leftmost α(0). letters of ω. Thus, it is easy to see that ω1 is an
annotated 1-sketch.
This remark and condition (iv) of Definition 1.1 also imply that ω2 the subword of ω composed of the
letters not in ω1 is the symmetric of ω1. 
Example 1.3. ω of Example 1.1 is composed of ω1 = α
(0)
−2α
(0)
1 α
(1)
−2α
(0)
3 α
(1)
1 α
(1)
3 ∈ A3,4 and ω1.
Conversely, for any annotated 1-sketch ω1, we can construct a set of symmetric annotated 1-sketches,
the result of shuffles between ω1 and ω1. We first give the definition of these shuffles and then prove the
assertion.
Definition 1.4. Let ψ = α
(1)
j1
. . . α
(1)
jk
. We define the set of shuffles ψ ./ ψ recursively with ψ ./ ψ = {}
if ψ is the empty word , as the set of following words:
• α(0)−jkψ′ ./ ψ′α
(1)
jk
with ψ′ = α(1)j1 . . . α
(1)
jk−1 (ψ
′ =  if k = 1),
• α(1)j1 . . . α
(1)
ji
α
(0)
−jkψ
′ ./ ψ′α(1)jk α
(0)
−ji . . . α
(0)
−j1 with ψ
′ = α(1)ji+1 . . . α
(1)
jk−1 (ψ
′ =  if i = k − 1), ∀1 ≤ i ≤
k − 1,
• α(1)j1 . . . α
(1)
jk
α
(0)
−jk . . . α
(0)
−j1 .
Example 1.4. The set of shuffles ψ ./ ψ with ψ = α
(1)
j1
α
(1)
j2
is composed of the four words α
(0)
−j2α
(0)
−j1α
(1)
j1
α
(1)
j2
,
α
(0)
−j2α
(1)
j1
α
(0)
−j1α
(1)
j2
, α
(1)
j1
α
(0)
−j2α
(1)
j2
α
(0)
−j1 and α
(1)
j1
α
(1)
j2
α
(0)
−j2α
(0)
−j1 .
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Definition 1.5. Let ω1 = ω0α
(0)
jn
ψ with ψ = α
(1)
js−n+1α
(1)
js−n+2 ...α
(1)
jn−1α
(1)
jn
, be an annotated 1-sketch. Then
ω1 ./ ω1 = ω0α
(0)
jn
[
ψ ./ ψ
]
α
(1)
−jnω0 = {ω0α
(0)
jn
uα
(1)
−jnω0, u ∈ ψ ./ ψ}.
Proposition 1.2. For any annotated 1-sketch ω1 of size n, ω1 ./ ω1 ⊂ D(1)(2n).
Example 1.5. ω1 = α
(0)
−2α
(0)
1 α
(1)
−2α
(0)
3 α
(1)
1 α
(1)
3 ∈ A3,4. Then ω1 ./ ω1 is the set of 4 elements:
α
(0)
−2α
(0)
1 α
(1)
−2α
(0)
3 α
(0)
−3α
(1)
1 α
(0)
−1α
(1)
3 α
(1)
−3α
(0)
2 α
(1)
−1α
(1)
2 , α
(0)
−2α
(0)
1 α
(1)
−2α
(0)
3 α
(0)
−3α
(0)
−1α
(1)
1 α
(1)
3 α
(1)
−3α
(0)
2 α
(1)
−1α
(1)
2 , α
(0)
−2α
(0)
1 α
(1)
−2α
(0)
3 α
(1)
1 α
(0)
−3α
(1)
3 α
(0)
−1α
(1)
−3α
(0)
2 α
(1)
−1α
(1)
2 ,
α
(0)
−2α
(0)
1 α
(1)
−2α
(0)
3 α
(1)
1 α
(1)
3 α
(0)
−3α
(0)
−1α
(1)
−3α
(0)
2 α
(1)
−1α
(1)
2 .
Proof. We must prove that any word of ω1 ./ ω1 is a symmetric annotated 1-sketch, meaning that it
verifies conditions (i) to (iv) of Definition 1.1.
Conditions (i), (ii) and (iii) are straightforward since ω1 and ω1 are annotated 1-sketches, each one the
symmetric of the other, and their letters are not permuted.
Let ω1 = ω0α
(0)
jn
ψ with ψ = α
(1)
js−n+1α
(1)
js−n+2 ...α
(1)
jn−1α
(1)
jn
. A word of ω1 ./ ω1 is either ω1ω1 which obviously
verifies condition (iv), or has one of the following form and we can thus check recursively that it verifies
condition (iv) :
• ω0α(0)jn α
(0)
−jn
[
ψ′ ./ ψ′
]
α
(1)
jn
α
(1)
−jnω0, ψ
′ = α(1)js−n+1α
(1)
js−n+2 ...α
(1)
jn−1 , and thus α
(0)
−jn appears before α
(1)
jt
and α
(0)
−jt appears before α
(1)
jn
, for any t in Js− n+ 1, n− 1K,
• ω0α(0)jn α
(1)
js−n+1 ...α
(1)
jk
α
(0)
−jn [ψ
′ ./ ψ′]α(1)jn α
(0)
−jk ...α
(0)
−js−n+1α
(1)
−jnω0, ψ
′ = α(1)jk+1 ...α
(1)
jn−1 , and thus α
(0)
−jn
appears before α
(1)
jt
and α
(0)
−jt appears before α
(1)
jn
, for any t in Jk + 1, n− 1K.

1.2. Bijection between regions and symmetric annotated 1-sketches. A symmetric annotated
1-sketch corresponds to a specific order between the variables xi and 1 + xi for any i in J−n, nK \ {0}.
We show here that these orders are bijectively related to the coordinates of the points of the regions of
the type C Catalan arrangement.
Proposition 1.3. There is a one to one correspondance between regions of the type C Catalan arrange-
ment in Rn and the symmetric annotated 1-sketches of size 2n.
Proof. Observe that for all x ∈ Rn, if there exist i, j ∈ J−n, nK \ {0} and s, t ∈ {0, 1} such that
xi + s = xj + t then x ∈ ∪H∈C{−1,0,1}(n)H. Therefore, for any x = {x1, ..., xn} that belongs to
Rn \ ∪H∈C{−1,0,1}(n)H, the elements of {xi + s : i ∈ J−n, nK \ {0} , s ∈ {0, 1}} are all distinct, with x−i =
−xi for all i. We define σ(x) = w1w2...w4n, where wp = α(s)i if zp = xi + s with {z1 < z2 < ... < z4n} =
{xi + s : i ∈ J−n, nK \ {0} , s ∈ {0, 1}}.
σ(x) obviously satisfies conditions (i)− (iii) of Definition 1.1. We now prove that σ(x) satisfies condition
(iv) of Definition 1.1. Indeed, if α0i appears before α
s
j with s ∈ {0, 1} then xi < xj+s, hence x−j < x−i+s.
It induces that α0−j appears before α
s
−i. Therefore σ(x) is a symmetric annotated 1-sketch of size 2n.
The mapping σ is constant over each region of C{−1,0,1}(n). Thus, σ is a mapping from the regions of
C{−1,0,1}(n) to D(1)(2n).
The mapping σ satisfies, xi − xj < s if α(0)i appears before α(s)j and xi − xj > s otherwise, for all
i, j ∈ J−n, nK \ {0} and all s ∈ {0, 1}. Thus, σ is injective. Finally, for any symmetric annotated 1-sketch
ω = w1w2...w4n, there exists x ∈ Rn \∪H∈C{−1,0,1}(n)H such that σ(x) = ω. Indeed, we define x ∈ σ−1(ω)
and z1, ..., z4n by applying the following rule for p = 1, 2, ..., 4n: if wp = α
(0)
i then zp = zp−1 + 1/(2n+ 1)
and zp = xi, while if wp = α
(1)
i then zp = xi + 1. Therefore σ is a bijection. 
2. From orders to forests
In this section, we present a bijection between the symmetric annotated 1-sketches and some rooted
labeled ordered forests that we call symmetric forests. We will first define these forests and then expose
the bijection.
2.1. Symmetric forests. In order to define a symmetric forest, we need to introduce the notion of
sub-descendant in a forest.
For any rooted labeled ordered forest F , we say that we read the nodes of F in BFS order if we list the
labels of the nodes of F in a breadth-first search starting from the root.
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Definition 2.1. Let i and j be two nodes in a rooted ordered forest. We say that i is a sub-descendant of
j if i appears after j and strictly before any child of j in the BFS order. We also say that i and j satisfy
the sub-descendant property (SDP) if i is a sub-descendant of j implies that −j is a sub-descendant of
−i.
Definition 2.2. A symmetric forest with 2n nodes is a rooted labeled ordered forest that satisfies:
(i) the first n nodes read in BFS order are labeled e1, ..., en such that {|e1|, . . . , |en|} = J1, nK,
(ii) en+j = −en−j+1 with j ∈ J1, nK,
(iii) for every two nodes i, j, i and j satisfy the sub-descendant property.
We denote by FS(2n) the symmetric forests with 2n nodes.
Example 2.1. For the symmetric forest G in Figure 1, 1 is a sub-descendant of −2 and 2 is a sub-
descendant of −1, hence {1,−2} satisfy the sub-descendant property. Moreover, G ∈ FS(6).
As a matter of fact, a symmetric forest is composed of two sub-forests where one is the symmetric of the
other in the following sense :
Definition 2.3. Let F be a rooted ordered forest defined on n labeled nodes e1, .., en. We define the
symmetric of F as a rooted ordered forest F with n labeled nodes −en, ...,−e1 such that for all i 6= j ∈J1, nK, −ei is a sub-descendant of −ej in F if and only if ej is a sub-descendant of ei in F .
We now explain how to decompose a symmetric forest G into a forest F and its symmetric. F is the
sub-forest of G defined on the first n nodes read in BFS order.
-2 1
3 -3 -1
2
G
-2 1
3 -3 -1
2
⇐⇒
F
F
Figure 1. a symmetric forest G ∈ FS(6), result of a shuffle between F and F .
Thus we have that :
Proposition 2.1. A symmetric forest with 2n nodes is the composition of a rooted labeled ordered forest
with n nodes and its symmetric.
Proof. F is the sub-forest of G defined by the first n nodes read in BFS order. Then the sub-forest of G
corresponding to the n last nodes read in BFS order is the forest, symmetric of F , by Definition 2.2 and
Definition 2.3. 
Conversely, any shuffle between any rooted labeled ordered forest F and its symmetric, is in bijection
with a symmetric forest. We first give the definition of a special leaf, then the definition of the shuffles
between a forest and its symmetric (see Figure 2) and finally we prove the assertion.
Definition 2.4. In a rooted ordered forest with n labeled nodes e1, ..., en such that {|e1|, . . . , |en|} = J1, nK,
the special leaves are the leaves which are after the last internal node in the BFS order. If a forest F has
only leaves, we consider that its last inetrnal node is a fictif node, parent of the leaves of F . Let us call
Fn,s, 1 ≤ s ≤ n, the set of rooted labeled ordered forests of size n with s special leaves.
Example 2.2. The rooted labeled ordered forest F of Figure 1, has two special leaves, 1 and 3.
REGIONS OF THE TYPE C CATALAN ARRANGEMENT 5
Definition 2.5. Let F be a rooted ordered forest defined on n labeled nodes e1, .., en, ordered in BFS order
and such that {|e1|, . . . , |en|} = J1, nK, with s special leaves. The set of shuffles between F and its sym-
metric F , F ./ F , is the set of forests obtained when we connect s edges from {−en,−en−1, ...,−en−s+1} to
{en−s, en−s+1, ..., en−1, en} such that any pair (u, v), u in {−en,−en−1, ...,−en−s+1} and v in {en−s, ..., en−1, en},
satisfies the sub-descendant property and the sequence of the nodes read in BFS order is e1, . . . , en,−en,−en−1, ...,−e1.
We say that {−en,−en−1, ...,−en−s+1} and {en−s, ..., en−1, en} satisfy the sub-descendant property.
Proposition 2.2. For any rooted ordered forest F with n nodes labeled with e1, . . . , en such that {|e1|, . . . , |en|} =J1, nK, the set F ./ F is a set of symmetric forests with 2n nodes.
Proof. Conditions (i) and (ii) of Definition 2.2 are verified by definition of the shuffle.
Notice that for any connection of s edges from {−en,−en−1, ...,−en−s+1} to {en−s, en−s+1, ..., en−1, en},
{−en−s,−en−s−1, ...,−e1} always satisfies the sub-descendant property with {e1, e2, ..., en}, and {−en,−en−1, ...,−en−s+1}
always satisfies the sub-descendant property with {e1, e2, ..., en−s−1}. By Definition 2.5 ,{−en,−en−1, ...,−en−s+1}
and {en−s, ..., en−1, en} satisfy the sub-descendant property. Therefore, for any forest G in F ./ F , for
every two nodes ei, ej , ei and ej satisfy the sub-descendant property. Thus, G is a symmetric forest. 
-2
3 -3
1
-1
2
-2
3
-1
1
-3
2
-2
-33 -1
1 -2
3
-3
2
-1
1
2
Figure 2. the set of shuffles between the forests F and F of Figure 1.
2.2. Bijection between symmetric annotated 1-sketches and symmetric forests. We will show
here that a symmetric annotated 1-sketch corresponds bijectively to a symmetric forest. Moreover, the
decomposition of a symmetric annotated 1-sketch (see Proposition 1.1) corresponds to the decomposition
of a symmetric forest (see Proposition 2.1) .
Proposition 2.3. There is a one to one correspondance between symmetric annotated 1-sketches of size
2n and symmetric forests of size 2n.
Proof. We now prove the proposition in 3 steps:
Step 1: we first present an algorithm to get the symmetric forest from a symmetric annotated 1-sketch ω
of D1(2n). We define the map φ between D1(2n) and FS(2n) by the following algorithm (see Figure 3):
(i) Read ω from left to right.
(ii) When α
(0)
i is read, create a node i such that, if α
(0)
i is not the first letter, if the preceding letter is
α
(0)
j then i becomes the next right sibling of j, and if the preceding letter is α
(1)
j then i becomes
the leftmost child of j.
First note that α
(0)
i and α
(0)
−i cannot be both in the first n α
(0)
. letters. By definition, the forest φ(ω) has
n first nodes labeled by the first n α(0). -letters. And the last n nodes are defined symmetrically as in the
symmetric annotated 1-sketches D1(2n).
Second, remark that:
Remark 2.1. (1) If α
(1)
i is not followed by an α
(0)
. -letter then node i is a leaf.
(2) If α
(0)
i appears before α
(0)
j in ω then node i appears before node j in the BFS order of the nodes
of the obtained forest.
(3) The property “α
(0)
i appears before α
(0)
j then α
(0)
−j appears before α
(0)
−i ”, implies that “i appears
before j then −j appears before −i in the BFS order of the nodes of the obtained forest”.
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α01→ α
1
−2α
0
3→ α
0
−3→ α
1
1α
0
−1→
α13α
1
−3α
0
2→
∅ α
0
−2→
α1−1α
1
2→
-2 -2 1
-2 1
3
-2 1
3 -3
-2 1
3 -3 -1
-2 1
3 -3 -1
2
-2 1
3 -3 -1
2
Figure 3. algorithm to get the symmetric forest φ
(
α
(0)
−2α
(0)
1 α
(1)
−2α
(0)
3 α
(0)
−3α
(1)
1 α
(0)
−1α
(1)
3 α
(1)
−3α
(0)
2 α
(1)
−1α
(1)
2
)
(4) The property “α
(0)
i appears before α
(1)
j then α
(0)
−j appears before α
(1)
−i ” is equivalent to “α
(0)
j ...α
(0)
i ...α
(1)
j
then α
(0)
−i ...α
(0)
−j ...α
(1)
−i ”. So, if i is a sub-descendant of j then −j is a sub-descendant of −i.
From these last two remarks, it is clear that φ(ω) is a symmetric forest.
Step 2: before showing that φ is a bijection, we describe the inverse mapping ψ. Let G ∈ FS(2n) and
e1, e2, ..., e2n be the 2n nodes in G read in BFS order. Let ψ(G) be the word ω defined inductively as
follow:
• Read the vertices in BFS order. ω1 = α(0)e1 .
• For any 2 ≤ j ≤ 2n, if ej is the next right sibling of ej−1 then ωj = ωj−1α(0)ej , if ej is the leftmost
child of ei then ωj = ωj−1α
(1)
ei α
(0)
ej .
• ω = ω2nα(1)e2n−s+1α(1)e2n−s+2 ...α(1)e2n = ω2nα(1)−esα
(1)
−es−1 ...α
(1)
−e1 if G has s special leaves.
Note that for all G ∈ FS(2n), the word ψ(G) satisfies the properties (i)-(iv) of symmetric annotated
1-sketches. Hence ψ is a mapping from FS(2n) to D
1(2n).
Step 3: it is easy to prove that ψ(φ(D1(2n))) = D1(2n) and φ(ψ(FS(2n))) = FS(2n).

From Propositions 1.3 and 2.3, we get that:
Corollary 2.1. Φ = φ ◦ σ is a bijection from the regions of the Catalan arrangement C{−1,0,1}(n) to the
symmetric forests FS(n).
The bijection φ induces a bijection between the annotated 1-sketches of size n with rightest α(0). -letter
at position s and the rooted labeled ordered forests with 2n− s special leaves.
Proposition 2.4. The mapping φ induces a bijection between An,s and Fn,2n−s, n ≤ s ≤ 2n− 1.
Proof. Let ω1 ∈ An,s. It means that ω1 = ω0α(0)jn α
(1)
js−n+1α
(1)
js−n+2 ...α
(1)
jn−1α
(1)
jn
.
From the first step of the proof of Proposition 2.3, we have that:
• α(0)j1 . . . α
(0)
jn
represent the nodes j1, . . . , jn read in BFS order in φ(ω1),
• If α(1)i is not followed by an α(0). -letter then node i is a leaf.
• The last α(1). -letter followed by a α(0). -letter is α(1)js−n . This implies that the last internal node in
the BFS order of the nodes of φ(ω1) is js−n.
Thus, φ(ω1) is a rooted ordered forest with n labeled nodes j1, ..., jn where the nodes js−n+1, js−n+2, ..., jn
are 2n − s special leaves and φ(ω1) ∈ Fn,2n−s. Conversely, let F ∈ Fn,2n−s with 2n − s special leaves
js−n+1, js−n+2, ..., jn. Then α
(0)
jn
is at the sth position in ψ(F ), hence it belongs to An,s.
It is easy to prove that ψ(φ(An,s)) = An,s. Similarly, φ(ψ(Fn,2n−s)) = Fn,2n−s. 
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We now show that the the different possible shuffles between an annotated 1-sketch and its symmet-
ric correspond by φ to the different possible shuffles between a rooted labeled ordered forest and its
symmetric.
Proposition 2.5. The bijections φ and ψ are compatible with shuffles and symmetrics. Indeed, let ω1
be annotated 1-sketch, then φ(ω1) = φ(ω1) and φ(ω1 ./ ω1) = φ(ω1) ./ φ(ω1).
Proof. Let ω1 = ω0α
(0)
jn
α
(1)
js−n+1α
(1)
js−n+2 . . . α
(1)
jn−1α
(1)
jn
∈ An,s.
From proposition 2.4, we get φ(ω1) ∈ Fn,2n−s and φ(ω1) ∈ Fn,2n−s.
Remark that if ω1 is of the form . . . α
(0)
i . . . α
(0)
j . . . α
(1)
i . . . α
(1)
j . . ., then ω1 is of the form . . . α
(0)
−j . . . α
(0)
−i . . . α
(1)
−j . . . α
(1)
−i . . ..
It means that in φ(ω1), j is a sub-descendant of i and in φ(ω1), −i is a sub-descendant of −j. Thus
φ(ω1) = φ(ω1).
Moreover a shuffle between α
(1)
js−n+1α
(1)
js−n+2 . . . α
(1)
jn
and α
(0)
−jn . . . α
(0)
−js−n+2α
(0)
−js−n+1 corresponds by φ to a
shuffle between the special leaves of φ(ω1), js−n+1, js−n+2 . . . , jn, and the nodes of φ(ω1), −jn, . . . ,−js−n+2,−js−n+1.
Since ω1 ./ ω1 = ω0α
(0)
jn
[
α
(1)
js−n+1α
(1)
js−n+2 . . . α
(1)
jn
./ α
(0)
−jn . . . α
(0)
−js−n+2α
(0)
−js−n+1
]
α
(1)
−jnω0, it is straightfor-
ward to conclude that φ(ω1 ./ ω1) = φ(ω1) ./ φ(ω1). 
3. The number of regions of the type C Catalan arrangement
We are now able to compute the number of regions of the type C Catalan arrangement. We first compute
the number of rooted ordered forests of size n with s special leaves.
Proposition 3.1. The number of rooted ordered forests of size n with s special leaves, Cn,s, verifies the
following formula : Cn,s =
s(2n−s−1n )
n−s for 1 ≤ s ≤ n− 1 and Cn,n = 1.
Proof. Let F be a rooted ordered forest of size n with s special leaves en−s+1, ..., en−1, en. If we cancel the
last special leaf en then we get a rooted ordered forest of size n−1 with t special leaves, s−1 ≤ t ≤ n−1.
Hence, Cn,s = Cn−1,s−1 + Cn−1,s + . . . + Cn−1,n−1, 1 ≤ s ≤ n − 1. Moreover Cn,n = 1 since a rooted
ordered forest of size n with n special leaves is the forest with only leaves.
Therefore Cn,s = Cn,s+1 + Cn−1,s−1, 1 ≤ s ≤ n− 1 and Cn,n = 1.
The number of rooted ordered forests with s special leaves in the case n = 2, 3 are given by C2,1 = C2,2 =
1, C3,3 = 1, C3,1 = C3,2 = 2.
Thus, by induction, we conclude. 
Now we are able to enumerate the regions of the type C Catalan arrangement.
Proposition 3.2. The number of regions of the type C Catalan arrangement is
r(C{−1,0,1}(n)) = 2nn!
n−1∑
s=1
s2s
(
2n−s−1
n
)
n− s + 4
nn!.
Proof. The number of labeling of a rooted ordered forest of size n with labels e1, . . . , en such that
{|e1|, . . . , |en|} = J1, nK is 2nn!. Thus, from Corollary 2.1, we can compute the number of regions of
the type C Catalan arrangement :
r(C{−1,0,1}(n)) = 2nn!
n∑
s=1
Cn,sDn,s
where Cn,s is given by Proposition 3.1, and Dn,s is the number of shuffles between any rooted labeled
ordered forest of size n with s special leaves and its symmetric.
Now we compute Dn,s. By Proposition 2.5 and Proposition 2.4, this is equal to the number of shuf-
fles between an annotated 1-sketch ω1 = ω0α
(0)
en α
(1)
en−s+1α
(1)
en−s+2 ...α
(1)
en−1α
(1)
en and its symmetric ω1 =
α
(0)
−en ...α
(0)
−en−s+2α
(0)
−en−s+1α
(1)
−enω0.
Assume that α
(0)
en is followed immediately by α
(0)
−en , hence the set ω1 ./ ω1 is equal to the set ω0α
(0)
en α
(0)
−en [α
(1)
en−s+1α
(1)
en−s+2 ...α
(1)
en−1 ./
α
(0)
−en−1α
(0)
−en−2 ...α
(0)
−en−s+1 ]α
(1)
en α
(1)
−enω0. Let ak be the number of possible shuffles between α
(1)
e1 ...α
(1)
ek and
α
(0)
−ek ...α
(0)
−e1 . Thus, in this case we have as−1 possible shuffles.
Now we assume that α
(0)
−en appears immediately after α
(1)
ek , n− s+ 1 ≤ k ≤ n− 1, then we have an−k−1
possible shuffles. And if α
(0)
−en appears immediately after α
(1)
en , we get exactly one word.
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Hence Dn,s = as−1 + as−2 + ...+ a1 + a0 + 1, s ≥ 1. Notice that in the case α(0)−en appears immediately
after α
(1)
en−1 , a0 = 1.
Moreover, in a shuffle between α
(1)
e1 ...α
(1)
ek and α
(0)
−ek ...α
(0)
−e1 , if α
(1)
e1 appears at position 1 then α
(0)
−e1 appears
at position 2k, and if α
(0)
−ek appears at position 1 then α
(1)
ek appears at position 2k. This implies that
ak = 2ak−1. Therefore, Dn,s = 2s. 
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